We consider a general local-stochastic volatility model and an investor with exponential utility. For a European-style contingent claim, whose payoff may depend on either a traded or non-traded asset, we derive an explicit approximation for both the buyer's and seller's indifference price. For European calls on a traded asset, we translate indifference prices into an explicit approximation of the buyer's and seller's implied volatility surface. For European claims on a non-traded asset, we establish rigorous error bounds for the indifference price approximation. We also introduce the concept of an "implied Sharpe ratio" and derive explicit approximations for this quantity. Like implied volatility, the implied Sharpe ratio can be viewed as a measure of an option's value. The advantage of the implied Sharpe ratio is that, unlike implied volatility, it takes into account an investor's preferences and his alternative investment possibilities. We implement our indifference price, implied volatility and implied Sharpe ratio approximations in two examples.
Introduction
When markets are incomplete, there exist infinitely many equivalent martingale measures, under which options could feasibly be priced. As such, for a given derivative asset, there is a range of possible noarbitrage values. The concept of indifference pricing, first introduced in Hodges and Neuberger (1989) , provides an economically justified manner for selecting unique no-arbitrage prices in incomplete market settings. Additionally, indifference pricing leads naturally to a bid-ask spread, an empirically observed phenomenon whereby sellers of a derivative asset ask for a higher price than buyer's are willing to pay for it.
For an overview of indifference pricing methods and applications we refer the reader to Carmona (2009) 
Despite the desirable features mentioned above, the widespread use of indifference pricing methods has been hampered by the computational complexity of this problem. Typically, to compute indifference prices, one must find an explicit expression for the value function of an investor who, in an incomplete market setting, seeks to maximize expected utility. The Hamilton-Jacobi-Bellman partial differential equation (HJB PDE) associated with the value function is nonlinear and rarely has an explicit solution. Complicating the problem and establish rigorous error bounds for the former. Lastly, in Section 7 we implement our approximation methods in two examples.
Model and problem formulation
Let (Ω, F, (F t ) t≥0 , P) be a complete filtered probability space. The probability measure P represents the physical (i.e., observable) probability measure and the filtration (F t ) t≥0 represents the history of the market.
For simplicity, throughout this paper, we assume a frictionless market, zero interest rates and no dividends.
We consider a single risky asset S whose dynamics under P are described by the following two-dimensional stochastic differential equation (SDE):
where B X and B Y are independent Brownian motions under P and ρ ∈ [−1, 1]. We have in mind that Y is the driver of volatility in a local-stochastic volatility (LSV) setting. However, more generally, Y could represent any non-traded quantity. We assume that the coefficients (µ, σ, c, β) are such that SDE (2.1) admits a unique strong solution.
Let W denote the wealth process of an investor who invests π t units of currency in S at time t and invests (W t − π t ) units of currency in a bond. Since the risk-free rate of interest is zero, the wealth process W satisfies dW t = π t S t dS t = π t µ(X t , Y t )dt + π t σ(X t , Y t )dB X t .
Assume now that the investor has an initial wealth W t = w at time t and also owns ν European-style contingent claims, each with payoff ϕ(X T , Y T ). Here ν may be negative, indicating that the investor has sold |ν| claims. The investor then trades the underlying stock and bond so as to maximize his expected terminal utility E U (W T + νϕ(X T , Y T )), where U is the investor's utility function. Note that the argument of U includes both the wealth W T the investor obtains from trading and the payoff he receives from the European option.
Definition 2.1. We define the investor's value function V as V (t, x, y, w, ν) := sup π∈Π E t,x,y,w U (W T + νϕ(X T , Y T )), (2.2) where Π, the set of admissible strategies, is given by Π := π : E 0,x,y,w
Definition 2.2. We define the indifference price per claim for ν European options as the unique solution u ≡ u(t, x, y, w, ν) of the equation V (t, x, y, w, 0) = V (t, x, y, w − νu, ν).
When ν is positive, we will refer to u as the buyer's indifference price. When ν is negative, we will refer to u as the seller's or writer's indifference price.
The meaning of the indifference price per unit claim should be clear from the definition. Given two choices:
(i) purchase ν claims for a price u per claim and dynamically invest the remaining wealth in the stock S and a bond, and (ii) dynamically invest all wealth in the stock S and a bond, the investor would be indifferent, because he could achieve the same expected utility in both scenarios.
To find the indifference price u, which is our main objective, we must first find the value function V . The
Hamilton-Jacobi-Bellman partial differential equation (HJB PDE) associated with control problem (2.2) is (∂ t + A)V + max π∈R A π V = 0, V (T, x, y, w, ν) = U (w + νϕ(x, y)),
where (A + A π ) is the generator of (X, Y, W ) assuming a Markov investment strategy π t = π(t, X t , Y t , W t ).
Specifically, the operators A and A π are given by A = µ(x, y) − + π(t, x, y, w)ρσ(x, y)β(x, y)∂ y ∂ w + π(t, x, y, w)σ 2 (x, y)∂ x ∂ w .
Here, and throughout this manuscript, we use the notation ∂ n x := ∂ n ∂x n and likewise for other partial derivatives. We assume that the HJB-PDE (2.3) admits a unique classical solution, which coincides with the value function (2.2). The candidate optimal strategy π * is given by maximizing A π V . We have
where, for simplicity (and from now on), we have omitted the arguments (t, x, y, w). Inserting the optimal strategy π * into the HJB-PDE (2.3) yields 0 = (∂ t + A) V + H(V ), V (T, x, y, w, ν) = U (w + νϕ(x, y)) , (2.4) where the Hamiltonian H(V ) is a nonlinear term, which is given by
Note that we have introduced λ, the Sharpe ratio.
Remark 2.3 (On notation). While it is standard in stochastic control literature to use subscripts to indicate partial derivatives (e.g., V x := ∂ x V ), it is standard to perturbation theory to use subscripts to indicate the order of a given term in powers of some small parameter. For example, if ε is a the small parameter of interest, then terms that are of order O(ε n ) carry a subscript n. In this paper, we follow the standard in perturbation literature and use subscripts to keep track of the order of terms in powers of a small parameter ε, which we shall introduce in the next section. The advantage of this approach is that each equation in the asymptotic analysis that follows can be easily checked for consistency by summing the subscripts of a given term and checking that the total is equal to the order of a given equation. For example, an equation of order O(ε 3 ) may contain terms such as ∂ x V 3 and (∂ x V 2 )(∂ y V 1 ), but it will not contain terms such as V 4
To proceed further, we must assume a specific form for the investor's utility function U .
Assumption 2.4. We shall assume throughout this manuscript that the investor's utility function U is
where γ is known as the risk aversion parameter.
Returning to PDE (2.4) we now consider two cases: ν = 0 and ν = 0. We make the following ansatz:
Clearly, η can always be obtained from ψ by setting ν = 0. However, it will be useful to consider the special case ν = 0 separately. Inserting (2.6) and (2.7) into (2.4) we find the functions η and ψ satisfy 9) where the linear operator A and the nonlinear operator B are given by
From Definition 2.2 and equations (2.6) and (2.7) we observe that the indifference price will be given by
where we have removed the argument w from the function u as it is now clear this variable plays no role.
One approach to finding the indifference price u is to solve (2.6) and (2.7) and then insert the solutions into (2.10). Alternatively, one can seek a PDE for u directly; both approaches will turn out to be useful.
Subtracting equation (2.9) from (2.8) and dividing by γν, it is easy to show that the function u satisfies
Note that the PDE for u depends on η, the solution of (2.8). Thus, to find and expression for u we must solve a system of coupled nonlinear PDEs. Note also that, upon finding expressions for u and η, we can obtain ψ from (2.10).
Let us take a moment to discuss some probabilistic interpretations of the above PDEs.
whose dynamics under a probability measure P are described by the following SDE
where B X and B Y are independent Brownian motions under P. Dynamics (2.12) can be obtained from (2.1) under a Girsanov change of measure
Thus, P is the minimal martingale measure, as defined in Follmer and Schweizer (1991) .
Remark 2.6. Note that PDE (2.11) can alternatively be written as
14)
where we have introduced linear operator A by
Observe that A is the generator of a process (X, Y ) whose dynamics under a probability measure P are described by the following SDE under a Girsanov change of measure
Thus, using the Feynman-Kac representation, the solution u of PDE (2.14) can be written as
where E denotes expectation under the probability measure P. Keep in mind that, while PDE (2.14) is a linear PDE for u, we have not succeeded in removing the non-linearity from the indifference pricing problem since A depends on η and ψ, which are solutions of nonlinear PDEs (2.8) and (2.9), respectively.
Indifference price asymptotics
Our goal is to find the indifference price u, which requires finding a solution η of PDE (2.8) and then solving PDE (2.11) for u. As a corollary, upon finding expressions for η and u, we will also obtain from (2.10) and expression for ψ. Since, for general (σ, c, β, λ) , there is no closed-form solution to (2.8) or (2.11), we shall seek asymptotic solutions for these PDEs. The approach we follow is similar to the approach taken in , who, in a general LSV setting, obtain explicit approximations for (risk-neutral)
European option prices and implied volatilities by expanding the coefficients of the underlying diffusion as a Taylor series. Note that, because (2.8) and (2.11) are non-linear PDEs, solving these equations requires overcoming difficulties that are not present when solving the linear PDEs associated with risk-neutral pricing of European-style options.
PDE asymptotics
The asymptotic analysis of PDEs (2.8) and (2.11) will differ significantly depending on whether the payoff function ϕ is a function of x or a function of y. As such, we will treat these cases separately. We begin with the case in which ϕ is a function of x only. The case in which ϕ that are a function of y only will be analyzed in Section 6. We will not consider the case in which ϕ is a function of (x, y) jointly.
Assumption 3.1. Throughout Section 3.1 we assume the payoff function ϕ is a function of x only.
Let χ be any of the coefficients functions appearing in the operators A, B(·) or C(·, ·). That is
Fix a point (x,ȳ) ∈ R 2 . In the formal asymptotic analysis that follows, we assume for simplicity that each of the coefficient functions χ are analytic in a neighborhood of (x,ȳ). We will see in Definition 3.3 that the mth-order approximation of the indifference price does not require such strong regularity. Let us define the following family of functions indexed by ε:
One can view (3.1) as the power series expansion of
about the point ε = 0. In particular, χ ε | ε=1 is the Taylor series expansion of χ about the point (x,ȳ).
Consider now the following family of coupled PDEs indexed by ε:
where A ε , B ε (·) and C ε (·, ·) are obtained from A, B(·) and C(·, ·) by replacing the coefficients in these operators with their ε-counterparts
Note that, if η ε and u ε solve (3.3) and (3.4) respectively, then the solution ψ ε to the following PDE
will be given by
We shall seek asymptotic solutions to (3.3) and (3.4) by expanding η ε and u ε in powers of ε:
We expand ψ ε , the solution to (3.5), in powers of ε as well
Our asymptotic solution to (2.8), (2.9) and (2.11), which is the case we are interested in, will then follow by taking ε = 1. Note, unlike χ i (i ≥ 0), the sequence of unknown functions η i , u i and ψ i (i ≥ 0) are not constrained to polynomials in (x, y).
In order to find η i and u i (i ≥ 0), we insert the expansions for η ε and u ε into (3.3) and (3.4), respectively, and collect terms of like powers in ε. At lowest order we obtain
where we have defined
Observe that A 0 is a constant coefficient differential operator since, from (3.2) we have χ 0 := χ(x,ȳ). With this in mind, it is clear that η 0 is a function of t only and u 0 is a function of (t, x) only. As such, equations
Collecting terms of higher order in ε, it is straightforward to show that the O(ε m ) equations are of the form 14) where the source terms H m depends and U m are given by
The reason the set K m does not include O(ε m ) terms is because if such a term appears, then it would be multiplied in (3.15) and (3.16) by either (∂ y u 0 ) or (∂ y η 0 ), both of which are zero (since η 0 and u 0 are independent of y). Explicitly, the O(ε) source terms H 1 and U 1 are given by is given by (3.18) and the O(ε 2 ) source terms H 2 and U 2 are O(ε 2 ) :
Remark 3.2. Note, to obtain second order term u 2 in the indifference price expansion, one requires only η 1 . However, when we discuss implied Sharpe ratios in Section 5, we need an expression for ψ 2 , which, from (3.7) requires knowledge of η 2 . As such, we present the source term H 2 along with H 1 . This is as far as we will take the asymptotic analysis of PDEs (3.3), (3.4) and (3.5). Having served its purpose, we set ε = 1 and make the following definition:
Definition 3.3. Let η, ψ and u be the solutions of (2.8), (2.9) and (2.11), respectively. Assume ϕ is a function of x only (Assumption 3.1) and the coefficients (
Then the m-th order approximations of η, ψ and u are defined as
where η 0 and u 0 solve (3.11) and (3.12), respectfully, η i and u i (i ≥ 1) solve (3.13) and (3.14), respectfully,
In Section 3.2 we will derive explicit (non-integral) expressions for η i and u i (i ≤ 2) and explicit integral expressions for η i and u i (i ≥ 0). First, we make the following observation:
Remark 3.4. The effect of the nonlinear term C(u, η) in (2.11) has no effect at zeroth and first order and is felt for the first time at second order. To see this, let us define
where E denotes expectation under P, defined in (2.13). Note that q can be interpreted the price of a European-style option assuming (X, Y ) has risk-neutral dynamics given by (2.12). The function q satisfies the linear pricing PDE
Repeating step-by-step the asymptotics analysis above, one could replace A in (3.22) with A ε and seek a solution q ε = ∞ k=0 ε k q k . Upon collecting terms of like order of ε one would find
where the mth-order source term Q m is given by
Comparing the PDE for u 0 (3.12) with the PDE for q 0 (3.23), the PDE for u m (3.14) with the PDE for q m (3.24) and source terms U 1 (3.18) and U 2 (3.20) with the source term Q m (3.25), we see that
where u
Nonlin 2 results from the nonlinear term C(u, η) in (2.11) and satisfies (3.27) and terminal condition u is a correction that arises from the nonlinear aspect of indifference pricing.
Explicit expressions for η i and u i
In this section, we derive general integral expressions for η i and u i (i ≥ 0) and explicit (non-integral)
expressions for the functions η 0 , η 1 and η 2 as well as u 0 , u 1 and u 2 . To begin, we observe that the linear operator A 0 is the infinitesimal generator of a diffusion in R 2 whose drift vector and covariance matrix are constant. The semigroup P 0 (t, t 1 ) generated by A 0 is given by (3.28) where the function Γ 0 is the fundamental solution corresponding to the linear operator (∂ t + A 0 ). It is easy to show that Γ 0 is a Gaussian kernel
where the covariance matrix C and vector m are given by
Note that P 0 (t, t 1 ) enjoys the semigroup property:
By Duhamel's principle, the unique classical solution (if it exists) to any PDE of the form
is given by,
where, for simplicity, we have omitted the arguments (x, y). As PDEs (3.11), (3.12), (3.13) and (3.14) are all of the form (3.30), one can in principle use (3.31) to compute explicit expressions for each η i and u i (i ≥ 0).
Observe, however, that computing the right-hand side of (3.31) requires evaluating a double integral in the spatial variables (because the semigroup operator P 0 (t, s), given by (3.28), is an integral operator) as well as an integral in the temporal variable.
It will be helpful to find more explicit expressions for the functions η 0 , η 1 and η 2 as well as u 0 , u 1 and u 2 . To this end, we introduce the following operators
It is easy to check by direct computation that the operators X(t, t 1 ) and Y(t, t 1 ) commute and have the following property
Therefore, if f is a polynomial function of (x, y) we have
Here, and throughout the text, if an operator is followed by nothing, we assume implicitly that the operator actions on the constant 1. It will also be helpful to introduce the following operator where the notation A n (X(t, t 1 ), Y(t, t 1 )) indicates that the (x, y)-dependence in coefficients of A n ≡ A n (x, y), has been replaced by (x, y) → (X(t, t 1 ), Y(t, t 1 )). For example, the term
The following lemma will be essential for the computations that follow Lemma 3.5. Let the operators A n , P 0 (t, t 1 ), X(t, t 1 ), Y(t, t 1 ) and G n (t, t 1 ) be given by (3.10), (3.28), (3.32), (3.33) and (3.36) respectively. Then we have the following commutation-like relation
where the operators act on measurable functions that are at most exponentially growing.
Proof. It is sufficient to prove the claim for A n of the form 38) since each A n is a finite sum of terms of this form. Let f be measurable and at most exponentially growing.
In the first equality we have simply used the definition of P 0 (t, t 1 ) (3.28) and the form of A n (3.38). In the second equality we have used (3.34) and pulled the operator (X(t, t 1 )) k (Y(t, t 1 )) m out of the integral. In the third equality we have integrated by parts. In the fourth equality we have used the fact that the Gaussian kernel Γ 0 can be written as function of (x − x 1 ) and (y − y 1 ). Therefore
And in the last equality we have used the definitions of P 0 (t, t 1 ) (3.28) and G n (3.36).
Using the operators X(t, t 1 ), Y(t, t 1 ), and G i (t, t 1 ), it is now straightforward to establish the following proposition, which provides explicit expressions for η 0 , η 1 and η 2 .
solutions of (3.13) with source terms U 1 (3.17) and U 2 (3.19), respectfully. Assume the coefficients (
. Then, omitting (x, y)-dependence for clarity, we have
where the operators X(t, t 1 ), Y(t, t 1 ) and G i (t, t 1 ) are given by (3.32), (3.33) and (3.36), respectively, and
Proof. See Appendix A.
Remark 3.7. Note that η 1 is obtained by applying the differential operator
to the constant 1 and then integrating in time. An explicit computation yields that η 1 is given by
The function η 2 is the sum of three terms, two of which are obtained by applying differential operators
to the constant function 1 and then integrating in time. For brevity, we omit the explicit expression for η 2 .
To compute an approximation for the indifference price u, we must specify a payoff function ϕ. Since we are interested in characterizing the buyer and seller implied volatility surfaces, we focus here on call payoffs ϕ(x) = (e x − e k ) + . Before presenting expressions for u 0 , u 1 and u 2 , it will be helpful to define the Black-Scholes call price.
Definition 3.8. For a fixed maturity date T > t and log strike k, the Black-Scholes call price u BS is defined as
where Φ is a standard normal CDF and
Proposition 3.9. Fix a maturity date T , a log strike k and assume ϕ is the payoff of a European call option ϕ(x) = (e x − e k ) + . Let u 0 be the unique classical solution of (3.12) and let u 1 and u 2 be the unique classical solutions of (3.14) with source terms U 1 (3.18) and U 2 (3.20), respectfully. Assume that (
and (
. Then, omitting arguments of (x, y) for clarity, we have
where the operator G i (t, t 1 ) and the functions η 1 and u BS are defined in (3.36), (3.41) and (3.42), respectively,
Remark 3.10. In equations (3.44), (3.46) and (3.47) the integrals with respect to t 1 and t 2 are performed on the operators that act on u BS (t, ·; σ 0 ) and not on the function u BS (t, ·; σ 0 ). These integrals can be computed explicitly. As such, u 1 and u 2 are obtained simply by applying a differential operator to u BS (t, ·, σ 0 ).
Remark 3.11. Observe that we have isolated the term u Nonlin 2
, which arises from the source term U Nonlin and satisfies PDE (3.27). Also observe that the second term in (3.47) has the sign of (−ν). Thus, an investor that is looking to buy |ν| call options will have a lower indifference price than an investor that is looking to sell |ν| call options, giving rise to a bid-ask spread.
Remark 3.12. Note, if we restrict X to local volatility dynamics (i.e., σ as a function of x only), then we are in a complete market setting and u Nonlin = 0 as it should be. To see this observe that, when acting on a function independent of y we have
From (3.2), we also have (
Thus, both terms appearing in (3.47) are zero.
Implied volatility asymptotics
In this section, we translate our expansion for the indifference price of a call into an expansion for implied volatility.
Assumption 4.1. Throughout this section we fix an LSV model (X, Y ), a time t, a maturity date T > t, initial values (X t , Y t ) = (x, y), a call payoff ϕ(X T ) = (e XT − e k ) + , and a number of contracts ν.
corresponding to this particular indifference call price. To ease notation, in what follows, we will suppress much of the dependence on (t, T, x, y, k, ν). However, the reader should keep in mind that the implied volatility of the option under consideration does depend on (t, T, x, y, k, ν), even if this is not explicitly indicated. To begin, we provide a definition for implied volatility, which will be fundamental throughout this section.
Definition 4.2. For a fixed (t, x, T, k), the implied volatility corresponding to call price p ≥ (e x − e k ) is defined as the unique strictly positive real solution I of the equation
where u BS , defined in (3.42), is regarded as a function of volatility only.
Our goal is find the implied volatility I corresponding to the indifference price u of a call option. To do this, we introduce modified implied volatility I ε , the solution to
where u ε solves (3.4). We will seek an asymptotic solution I ε to (4.1) by expanding I ε in powers of ε:
Our asymptotic solution to u BS (I) = u, which is the case we are interested in, will be obtained by setting ε = 1. We insert expressions (3.6) and (4.2) into (4.1), expand both sides in powers of ε and collect terms of like order. We obtain
Noting from Theorem 3.9 that u 0 = u BS (σ 0 ) we can solve the above equations recursively
Explicitly, the order O(ε) and O(ε 2 ) terms are given by O(ε) :
Having served its purpose, we now set ε = 1, and make the following definition Note that expression for I i (i ≥ 1) contains u j (j ≤ i − 1). Since u i and (i ≥ 1) are computed as differential operators acting on u 0 = u BS (σ 0 ), it is difficult to discern how the implied volatility surface behaves as a function of time to maturity T − t and log strike k. The following proposition provides an explicit expression for I 1 and I 2 in terms of the log-strike k and time to maturity τ := T − t.
Proposition 4.4. Let Assumption 4.1 hold. Denote time to maturity by τ := T − t and log moneyness by
Fix the expansion point of the Taylor series expansion (x,ȳ) = (x, y). Define
Assume ( 1 2 λ 2 ) is C 1 (R) and a, b, f and g are C 2 (R 2 ). Then, I 1 and I 2 , defined in (4.6), are given by
, where
and 
I
Nonlin 2
. (4.7)
Proof. The proof is given in Appendix C. Specifically, the approximate bid-ask spread is given by twice the absolute value of the second term in (4.7).
Remark 4.6. As τ → 0 we have I Nonlin 2 → 0 because for t 1 ∈ (t, T ) we have
Remark 4.7. As we found with u has the sign of (−ν). Thus, the approximation of the implied volatility surface of a European call buyer will be strictly below the approximation of the implied volatility surface of a European call writer.
Implied Sharpe ratio asymptotics
In this Section, we introduce the concept of an implied Sharpe ratio, which can be viewed as an alternative to implied volatility as a measure of an option's value.
The Black-Scholes call price u BS , given by (3.42), is the price of a call option assuming the underlying S follows a geometric Brownian motion with constant volatility. In an analogy to the Black-Scholes price, we can define the Merton value function V M as the value function of an investor assuming the underlying S follows a geometric Brownian motion with constant Sharpe ratio.
Definition 5.1. For an investor with an exponential utility (2.5), initial wealth w, a fixed investment horizon
where λ is referred to as the Sharpe ratio.
Remark 5.2. Note that, when S is a geometric Brownian motion, we have V M (t, w; λ) = V (t, x, w, 0) = V (t, x, w − νu BS , ν) because, in a complete market, options are redundant (Carmona, 2009 , Chapter 2, Section 3). We use the term Merton value function since Merton (1969) was the first to solve the problem of optimizing expected utility from terminal wealth in a geometric Brownian motion setting.
From the Black-Scholes call price arises the notion of implied volatility, which, from Definition 4.2, is the volatility I one must insert into the Black-Scholes formula in order to match a given call price p. That is, p = u BS (I). Continuing the analogy with Black-Scholes, we introduce the notion of an implied Sharpe ratio, which is the Sharpe ratio Λ one must insert into the Merton value function V M in order to match a given value function V . Definition 5.3. The implied Sharpe ratio for ν European options with unit price p is defined as the unique strictly positive real solution Λ of the equation
where V M is defined in (5.1) and V is defined in (2.2). Here, we assume V (t, x, y, w − νp, ν) ≥ U (w).
Remark 5.4. Existence and uniqueness of the Merton implied Sharpe ratio is guaranteed by the fact that (i) V M (t, w; Λ) is strictly increasing in Λ and (ii) V M (t, w; Λ) ≥ U (w) since an investor could invest all of his money in a bond an achieve a terminal utility of U (w).
In addition to the option price p, we now have two alternative measures for an option's value: the BlackScholes implied volatility and the Merton implied Sharpe ratio. Let us take a moment to compare these two measures.
Independent of strike and maturity, the Black-Scholes u BS (σ) call price is strictly increasing in volatility σ. Therefore, given two options, it is the option with a higher implied volatility that is generally considered the more expensive option. However, an option's implied volatility says very little about whether or not the option represents a good investment. Relative to not owning the option, purchasing/selling an option at a given implied volatility may either raise or lower an investor's expected terminal utility.
As previously mentioned, the Merton value function V M (t, w; λ) is strictly increasing in λ. Therefore, given two options, it is the option with a higher implied Sharpe ratio that yields a higher expected terminal utility, and thus represents a better investment opportunity. Stated differently, the Merton implied Sharpe ratio takes into account an investor's preferences (via his utility function) and investment opportunities (via his ability to trade optimally) while the Black-Scholes implied volatility does not account for either.
Assumption 5.5. In the rest of this section we fix an LSV model (X, Y ), a time t, a maturity date T > t, initial values (X t , Y t ) = (x, y), a call payoff ϕ(X T ) = (e XT − e k ) + , a market price p for the call option, a number of contracts ν and an initial level of wealth w.
Remark 5.6. We do not assume that the market price p of the call option is the indifference price. Rather, we only assume that p is the price of the call as computed under some martingale measure P, which is equivalent to P. That is, we assume p(t, x, y) = E t,x,y ϕ(X T ) so that p satisfies
withĀ being the generator of (X, Y ) under P.
Assumption 5.5 fixes the investor's value function V (t, x, y, w − νp, ν). We wish to find an approximation for the implied Sharpe ratio Λ for ν European call options selling at a market price p per call. In what follows, we will suppress much of the dependence on (t, T, x, y, w, ν, ϕ, p), except when it is needed for clarity.
However, the reader should keep in mind that the implied Sharpe ratio Λ does depend on these quantities.
To begin the asymptotic analysis, with (2.7) in mind, we introduce V ε , the modified value function
where ψ ε solves (3.5). We also introduce p ε , the modified price, which solves
whereĀ ε is obtained fromĀ by replacing the coefficients ofĀ with their ε-counterparts. An asymptotic approximation for p ε can be obtained using the techniques developed in Section 3. Specifically, inserting the following expansions
into (5.5), and collecting terms of like powers of ε, we obtain
where P m = m k=1Ā k p m−k . We shall first seek an approximation for the modified Merton implied Sharpe ratio Λ ε , the solution of
The approximate solution to (5.2), which is the case we are interested in, will be obtained by setting ε = 1.
Comparing (5.1) with (5.4) we see that (5.9) will be satisfied if and only if
We already have an expansion (3.7) for ψ ε in powers for ε. Let us also expand the unknown Sharpe ratio Λ ε as a power series in ε. We have
Inserting expressions (3.7), (5.6) and (5.11) into equation (5.10) and collecting terms of like powers of ε yields O(1) :
Next, solving for Λ k we obtain O(1) :
Having served its purpose, we now dial ε up to one. We finish this Section with the following definition 
Options on non-traded assets
In Section 3 we derived an expression for the approximate indifference price of a European-style claim whose payoff function ϕ depended only on the terminal value of a traded asset X T . We now consider a European-style claim whose payoff function ϕ depends only on the terminal value of a non-traded asset Y T .
Assumption 6.1. Throughout Section 6, we consider dynamics of the form
(6.1)
We further assume the payoff function ϕ of the European claim is a function of y only.
Asymptotics
Our goal is to find the indifference price u of a European-style contingent claim with payoff ϕ(Y T ) and also characterize the implied Sharpe ratio Λ for this claim. As there are no explicit formulas for the indifference price and implied Sharpe ratio under general dynamics of the form (6.1), we shall seek approximations for u and Λ. Since Y is not traded, it is not constrained to be a martingale under any risk-neutral measure. Thus, it makes no sense to derive implied volatility asymptotics for the claim with payoff ϕ(Y T ).
In Section 3 we obtained an approximation for the indifference price u in two steps: first, we obtained an approximation for η, the solution of PDE (2.8). Then, we found an approximation for u, the solution of PDE (2.11). In this section, we follow an alternative approach. Here, we shall seek an approximation for ψ, the solution of PDE (2.9). Then, using η = ψ| ν=0 we will obtain an approximation for u via (2.10).
As in Section 3, to find an approximation for ψ, we introduce ψ ε , the solution to
where ψ ε depends only on (t, y, n) only since neither the coefficients (µ, σ, c, β) nor in the payoff function ϕ depend on x. As always, we will seek an asymptotic solution to (6.2) by expanding in powers of ε. The approximate solution to PDE (2.9), which is the case we are interested in, will be obtained by setting ε = 1.
Comparing PDE (6.2) with (3.5), the similarity of these two PDEs might suggest that one can obtain an approximation solution to (6.2) with only minor modifications to the approximation we previously obtained for the solution to PDE (3.5). However, this is not the case. The difficulty in finding an approximation solution to (6.2) arises from the terminal condition ψ ε (T, y, ν) = −γνϕ(y). Because the terminal condition depends on y, the order zero approximation ψ 0 must also depend on y. This was not the case for in PDE (3.5), where the terminal condition ψ ε (T, x, ν) = −γνϕ(x) led to a zeroth order approximation ψ 0 (t, x, ν) independent of y. Since the zeroth order solution to (6.2) must depend on y, the nonlinear term (∂ y ψ ε ) 2 , which appears in B ε (ψ ε ), remains in the zeroth order PDE. However, the nonlinearity in PDE (6.2) can be removed. Following Zariphopoulou (2001) we set
Inserting (6.3) into (6.2) we see that ξ ε satisfies
Note that (6.4) is a linear parabolic Cauchy problem. We can obtain an approximation for ξ ε using the Taylor series expansion methods described in Section 3. Noting that ( A ′ ) ε can be written as a power series in ε, we suppose the solution ξ ε can also be written in this form
Inserting (6.5) into (6.4) and collecting terms of like powers of ε, we find
The above sequence of nested Cauchy problems has been solved explicitly in . We briefly review the results here. Let P ′ 0 (t, T ) be the semigroup of operators generated by
We are now in a position to provide and explicit expression for ξ i (i ≥ 0).
Proposition 6.2. Assume the coefficients ( 1 2 λ 2 ), (c − ρβλ) and ( 1 2 β 2 ) are C m (R) and θ(·, ν) is at most exponentially growing. Then the unique classical solutions of (6.6) and (6.7) are given by (omitting the arguments (y, ν) for clarify)
where the operator
where I m,k is defined in (4.3).
Proof. See (Lorig et al., 2014, Theorem 7) .
We now wish to translate our expansion of ξ ε into an expansion for ψ ε . Expanding (6.3) in powers of ε we obtain O(1) :
where I m,k is defined in (4.3). Note that η i (t, y) = ψ i (t, y, 0) for every i ≥ 0. With (2.10) in mind, we now define our mth-order approximation of the indifference price.
Definition 6.3. Let Assumption 6.1 hold. Assume the coefficients (
and θ(·, ν) is at most exponentially growing. Then the mth-order approximation of the indifference price is given byū
where ψ 0 is given by (6.8) and ψ i (i ≥ 1) is given by (6.9).
Assume now the option with payoff ϕ(Y T ) is available on the market for a price p. Since, in deriving an approximation for u, we derived an expansion for ψ, we can immediately obtain an expansion for the implied Sharpe ratio Λ of this option. Repeating the analysis of Section 5 step-by-step, and changing only the expression for ψ 0 and ψ i (i ≥ 0) to (6.8) and (6.9), we arrive at the following definition:
Definition 6.4. Let Assumption 6.1 hold. Assume the price of the European-style claim with payoff ϕ(Y T ) is given by
whereĀ is the generator of Y under some martingale measure P equivalent to P. Then the mth-order approximation of the Merton implied Sharpe ratio is defined as
where Λ 0 and Λ i (i ≥ 1) are given by (5.12) and (5.13), respectively, and ψ 0 and ψ i (i ≥ 1), which appear in
, are given by (6.8) and (6.9), respectfully.
Accuracy of the indifference price approximation
In this section, we will establish error estimates forū m , the mth-order approximation of the indifference price u. To establish these estimates, we require the following assumptions: 
We assume there exists a constant M > 0 such that the following holds:
(ii) Regularity and boundedness: The coefficients ( for some 0 ≤ k ≤ 2.
Theorem 6.6. Let Assumption 6.5 hold. Let ξ be the solution of Cauchy problem (6.4) with ε = 1. Then
where ξ i are as given Proposition (6.2).
Proof. See (Lorig et al., 2013, Theorem 3.10 ).
Using Theorem 6.6 we can establish the accuracy ofū m , the mth-order approximation of the indifference price u.
Corollary 6.7. Let Assumptions 6.1 and 6.5 hold. Thenū m , given by (6.10), satisfies
Proof. Equation (6.11) implies ), and sup
It therefore follows from (6.9) that
Finally, using (2.10) and (6.10), as well as η(t, y) = ψ(t, y, 0) andη m (t, y) =ψ m (t, y, 0) we have (omitting the arguments (t, y, ν) for clarity)
which, combined with (6.13), yields the claimed accuracy result (6.12).
Examples
In this section we implement our indifference pricing, implied volatility and implied Sharpe ratio approximations in two examples. First, we consider an call options written on a traded asset. Then we consider a European-style option on a non-traded asset. In both examples, we take t = 0 and fix the expansion point of the Taylor series to be the initial point of the diffusion (x,ȳ) = (X 0 , Y 0 ) = (x, y).
Heston: implied volatilities and implied Sharpe ratios
In our first example, we consider a stochastic volatility model, which, under the physical measure P, is modeled by the following SDE:
(under P) (7.1) Comparing (7.1) with (2.1), we identify
Note that we have parametrized the drift function µ(x, y) via the volatility function σ(y) = √ y and the Sharpe ratio λ(x, y), which we have left unspecified. We have also included in c(x, y) a term ρδλ(x, y) √ y = ρβ(y)λ(x, y). We do this primarily for reasons of computational convenience as will become more clear below.
Under the minimal martingale measure P, defined via the Girsanov change of measure (2.13), the dynamics of (X, Y ) are described by the following SDE:
Note that, dynamics (7.2) correspond to the model of Heston (1993) . Had we not included the term ρδλ(x, y) √ y within the function c(x, y) then the P dynamics of (X, Y ) would not have corresponded to
Heston.
Implied volatility
The functions that play a key role in the implied volatility expansion (Proposition 4.4) are
Due to the way we specified the P-dynamics of (X, Y ), the Sharpe ratio λ does not appear in f . Thus, the effect of the Sharpe ratio λ on the second order approximation of implied volatilityĪ 2 is felt only through the term I is independent of k. Thus, increasing ( 1 2 λ 2 ) 0,1 shifts the approximationĪ 2 of the implied volatility surface downward (for both the buyer and the seller and for all strikes and maturities). Decreasing (
raises theĪ 2 for all strikes and maturities.
In Figure 1 , we plot the approximate implied volatilitiesĪ 2 of both the buyer and the seller. We also plot |I Nonlin 2 |. We assume in both plots that ( | is an approximation for one half the bid-ask spread. We observe that the maximum of |I Nonlin 2 | occurs at k > x and increases with increasing maturity T .
Implied Sharpe ratio
In order to examine the implied Sharpe ratio Λ, we must assume a specific equivalent martingale measure P under which the market prices options. Here, we assume that the market prices under the minimal martingale measure: P = P. In this setting, we haveĀ = A. Therefore, comparing (3.23) and (3.24) with (5.7) and (5.8), we see that the mth-order approximation of the market price of an option is given bȳ
Specifically, we note from (3.26) thatp 2 =ū 2 − u Nonlin 2
. As in the previous subsection, we will assume has the sign of (−ν). Therefore, the second order approximation of the market pricep 2 will always lie above the second order approximation of the buyer's indifference price, and below the second order approximation of the seller's indifference price. This means that both buying and selling an option will lower the second order approximation of an investor's implied Sharpe ratioΛ 2 (relative to not buying/selling the option). Implied Sharpe ratios are plotted as function of log moneyness L in Figure 2 .
We emphasize that, in general, buying or selling an option could raise or lower an investor's implied Sharpe ratio Λ relative to holding no options. The effect that a particular option has an on investors implied
Sharpe ratio Λ will depend on the market's pricing measure P and on the functional form of the model Sharpe ratio λ = µ/σ.
Reciprocal Heston model: indifference prices
We consider now a second Stochastic volatility model (X, Y ), which, under the physical measure P, is modeled by the following SDE:
The model is referred to as reciprocal Heston since Y is the reciprocal of a CIR process
Here, (a, b, κ) must satisfy the usual Feller condition: 2aκ ≥ b 2 . Comparing (7.3) with (6.1), we identify
Indifference prices
We will compute indifference prices for a European-style claim whose payoff ϕ(Y T ) depends only on the terminal value of the stochastic variance process Y . Although derivatives on the terminal value of variance do not actively trade, this is a useful model in which to test the accuracy of our pricing approximation, since exact indifference prices have been computed in Grasselli and Hurd (2007) . The mth-order approximate indifference priceū m can be computed using Proposition 6.2 and equations (6.8), (6.9) and (6.10).
As pointed out by Grasselli and Hurd (2007) , unbounded payoffs results in an expected utility of negative infinity. As such, we will focus on bounded payoffs. In particular, we consider a payoff ϕ that is the difference of call option payoffs: (7.4) which are bounded by (k 2 − k 1 ). In Figures 3 and 4 we plot the exact and approximate buyer's and seller's indifference prices, for series of strikes k 1 with k 2 fixed. We also plot the zeroth-, first-, and secondorder indifference price approximations. The plots clearly show that the second order approximation of the indifference priceū 2 , nearly coincides with the exact indifference price u.
Conclusion
In this paper, under a general class of LSV dynamics, we derive an explicit approximation for the indifference price of European-style asset, whose payoff may depend on either a traded or non-traded asset. For call options on a traded asset, we translate the price approximation into an explicit approximation of implied volatility. For options on a non-traded asset, we derive rigorous error bounds for the indifference price approximation. We also introduce the concept of an implied Sharpe ratio, which can be seen as a measure of an option's value. The implied Sharpe ratio has the desirable property that it takes into account investor preferences and alternative investment opportunities. Lastly, we implement our indifference price, implied volatility, and implied Sharpe ratio approximations in two examples.
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A Proof of Proposition 3.6
In this appendix we compute η 0 , η 1 and η 2 . The function η 0 satisfies ODE (3.11). The explicit solution, which can be easily checked, is
Next, we compute η 1 . Omitting arguments (x, y) for clarity, we have
(by (3.13) and (3.31))
which is the expression given in (3.39). Note, in the second-to-last equality we have used A 1 η 0 = 0 since η 0 is independent of (x, y).
Finally, we compute η 2 . Once again, omitting the arguments (x, y) for clarity, we have
(by (A.1) and (3.37))
(by (3.35) and (3.41))
which is the expression given in (3.40). This proves Proposition 3.6.
B Proof of Proposition 3.9
In this appendix we derive explicit expressions for u 0 , u 1 and u 2 . As always, throughout this appendix we will suppress (x, y)-dependence, except where it is needed for clarity. We begin with u 0 , the unique classical solution of (3.12). Using (3.31), we can immediately write
In particular, for call payoffs ϕ(x) = (e x − e k ) + and put payoffs ϕ(x) = (e k − e x ) + , expression (B.1) becomes u 0 (t) = u BS (t, ·; σ 0 ), where u BS is given in (3.42). This is precisely the expression given in (3.43) for u 0 .
Next, we compute the function u 1 . We have
(by (3.14) and (3.31)) by (3.37 ) and (B.1)) which is the expression given for u 1 in (3.44).
Finally, for u 2 , from (3.14), (3.20) and (3.31) we have
Next, we analyze u 2,2 . From (3.41), a direct computation yields
Since the function ∂ y η 1 in independent of (x, y), we have
and thus, we focus on computing P 0 (t, t 1 )(∂ y u 1 (t 1 )). To this end, we observe that the semigroup operator commutes with constant coefficient differential operators
This is easily proved using integration by parts and symmetry properties of Γ 0 . Using this commutation properly, we compute
dt 2 G 1 (t, t 2 )P 0 (t, t 2 )P(t 2 , T )ϕ (by (3.37) and (B.1))
(by (3.29) and (B.1)) (B.12) Thus, we have u 2,2 (t) = T t dt 1 (∂ y η 1 (t 1 ))P 0 (t, t 1 )(∂ y u 1 (t 1 )) (by (B.7) and (B.10))
where the function (∂ y η 1 (t 1 )) is given by (B.9).
Lastly, we compute u 2,3 . First, using (3.48) and (B.3), a direct computation shows that ∂ y u 1 (t 1 ) = (T − t 1 )(
Therefore, we have P 0 (t, t 1 ) (∂ y u 1 (t 1 )) 2 = (T − t 1 ) 2 ( 1 2 σ 2 ) 2 0,1 P 0 (t, t 1 ) (∂ 2 x − ∂ x )u 0 (t 1 ) 2 . (B.14)
Next, using u 0 = u BS (t, ·; σ 0 ) and the explicit expression for the Black-Scholes price (3.42), we obtain (∂ 2 x − ∂ x )u 0 (t 1 ) 2 = 1 σ 2 0 (T − t 1 ) e 2x φ 2 (d + (t 1 , x; σ 0 )),
where we have introduced φ, the density of a standard normal random variable. Hence, (B.14) becomes P 0 (t, t 1 ) (∂ y u 1 (t 1 )) 2 = (T − t 1 ) ( 
C Proof of Proposition 4.4
In this appendix, we establish the formulas provided in Proposition 4.4. We remind the reader that (t, x, y, k, T ) are fixed throughout and we write these arguments only when needed for clarity. We start by observing from (3.44) and (3.46) that u 1 and u 0 2 can be written as Thus, it is clear that u 1 and u 0 2 are finite sums of the form
where the coefficients C n and C 0 n depend on (t, x, y) and can be computed from (C.1) and (C.2), respectively. Because of the number of terms involved, the coefficients are best computed using a computer algebra , we obtain expression (4.7). 
